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PRIMITIVE CENTRAL IDEMPOTENTS
OF THE GROUP ALGEBRA
ROBIN ENDELMAN AND MANASH MUKHERJEE
ABSTRACT. An approach to representations of finite groups is presented with-
out recourse to character theory. Considering the group algebra C[G] as an al-
gebra of linear maps on C[G] (by left multiplication), we derive the primitive
central idempotents as a simultaneous eigenbasis of the centre, Z(C[G]). We ap-
ply this framework to obtain the irreducible representations of a class of finite
meta-abelian groups. In particular, we give a general construction of the iso-
morphism between simple blocks of C[G] and the corresponding matrix algebra
where G can be any finite group.
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1. INTRODUCTION
In this paper, we present an approach to determining the decomposition of the
group algebra, C[G], of a finite group G, over the field of complex numbers, C. We
work solely within the group algebra without recourse to the character theory of G,
obtaining the irreducible representations of G.
2000 Mathematics Subject Classification. 20C05, 16S34.
Key words and phrases. primitive idempotent, group algebra, irreducible representation.
1
2 ROBIN ENDELMAN AND MANASH MUKHERJEE
There are, of course, many ways of approaching the representations of finite
groups [1, 2, 3, 4], however, our starting point is the centre of the group algebra.
The very concept of primitive central idempotents (along with their properties)
arises naturally as a consequence of the diagonalizability of Z(C[G]).
We consider the group algebra acting on itself by left multiplication (that is,
considering the regular representation of the algebra C[G]),
C[G]×C[G]→ C[G] : (x,y) 7→ xy
and derive the primitive central idempotents of the group algebra as a simultaneous
eigenbasis of its centre, Z(C[G]) (Theorem 2.3, Section 2). An immediate conse-
quence, among others, of this framework is that the two-sided ideal generated by a
primitive central idempotent has a one-dimensional centre.
Our point of view is illustrated first for abelian groups in Section 3. In Section
4, we apply this framework to a large class of nonabelian groups, namely (meta-
abelian) semi-direct products, G = N⋊H where both N and H are abelian. For this
class of groups, we provide a general formula for the primitive central idempotents
of C[G] (Section 4.2). To obtain the isomorphism between each simple block of
C[G] and the corresponding matrix algebra, we give a general construction that
is applicable for all finite non-abelian groups (Proposition 4.6). Furthermore, a
formula is given for counting the number of conjugacy classes in N⋊H (Corollary
4.5), which also holds when H is nonabelian (Remark 7).
Throughout this paper G denotes a finite group.
1.1. Acknowledgements. We would like to thank Stephanie van Willigenburg
(Department of Mathematics, University of British Columbia, Canada) for her
comments and careful reading of the manuscript. R.E. is grateful to the Faculty
of Research and Graduate Studies (UCFV) for continued support.
2. PRIMITIVE CENTRAL IDEMPOTENTS OF C[G]
In this section, we obtain the primitive central idempotents of the group algebra
as a simultaneous eigenbasis for the centre.
Definition 2.1. (i) An element u in an algebra A is idempotent if u2 = u. Two
idempotents u1 and u2 are orthogonal if
u1u2 = u2u1 = 0.
(ii) An idempotent u is called primitive if u cannot be written as a sum, u =
u1 + u2, where u1 and u2 are orthogonal idempotents.
(iii) J is called a primitive central idempotent if J belongs to the centre of A, J
is idempotent, and J cannot be written as a sum,
J = I1 + I2,
where I1 and I2 are orthogonal central idempotents.
We first show that the centre, Z(C[G]), consists of diagonalizable elements, and
then obtain the primitive central idempotents of C[G] as the simultaneous eigenba-
sis of the centre.
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Notation: For x ∈ C[G], x¯ will denote the complex conjugate of x, and x† the con-
jugate transpose of x, where x is considered as a linear operator on C[G] by left
multiplication.
Proposition 2.2. Every element of Z(C[G]) is diagonalizable (operating by left
multiplication on Z(C[G])).
Proof. As an operator on C[G] by left multiplication, each group element g is a
permutation matrix, and therefore g† = g−1. Thus, for any x = ∑g∈G cgg ∈ C[G],
x† = ∑g∈G c¯gg−1 ∈C[G]. If z∈ Z(C[G]), zz† = z†z, and consequently, z is diagonal-
izable onC[G]. Now the proposition follows from the fact that the centre, Z(C[G]),
is an invariant subspace for z. 
Remark 1. If z ∈ Z(C[G]), then z† ∈ Z(C[G]). In particular, the standard basis
elements, Ωg = ∑x∈Kg x, of Z(C[G]), satisfy Ω†g = Ωg−1 . [Here, Kg denotes the
conjugacy class of g.]
By Proposition 2.2, any basis of Z(C[G]) is a commuting set of diagonalizable
linear operators on Z(C[G]) (acting by left multiplication), and hence, there is a
simultaneous eigenbasis of Z(C[G]).
Theorem 2.3. There is a unique simultaneous eigenbasis, {Jp : 1 ≤ p ≤ k}, of
Z(C[G]) such that:
(i) J2p = Jp
(ii) JpJq = 0 for p 6= q,
(iii) the group identity, e = ∑p Jp, and
(iv) Jp is a primitive central idempotent.
Proof. (i) and (ii): Let { ˜Jp : 1 ≤ p ≤ k} be a simultaneous eigenbasis of Z(C[G]).
For any p,q, viewing ˜Jq as an eigenvector of ˜Jp, and ˜Jp as an eigenvector of ˜Jq, we
have
˜Jp ˜Jq = λ ˜Jq
˜Jq ˜Jp = µ ˜Jp
for some λ,µ ∈ C. Since ˜Jp and ˜Jq commute, λ ˜Jq = µ ˜Jp. Hence, by linear inde-
pendence of ˜Jp and ˜Jq, we have λ = µ = 0 for p 6= q, and for p = q, ˜Jp2 = λ ˜Jp.
Now, each ˜Jp is scaled to obtain the unique eigenvector Jp satisfying J2p = Jp, and
JpJq = 0.
(iii) Set e = ∑q cqJq. Then, for each p, Jp = eJp = cpJp, and hence, cp = 1 for all
p.
(iv) If Jp decomposes as a sum, Jp = I1 + I2, of two mutually orthogonal central
idempotents I1 and I2, then, {I1, I2}∪{Jq|q 6= p} would be k + 1 linearly indepen-
dent central elements, exceeding the dimension of Z(C[G]). 
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Remark 2. Since Jp is central, Ap = (C[G])Jp is a two-sided ideal of C[G]. By
Theorem 2.3, it follows that the group algebra C[G] is a direct sum of the two-
sided ideals {Ap},
C[G] =
kM
p=1
Ap.
Remark 3. For each p, Jp spans the 1-dimensional centre of Ap: if a ∈ Z(Ap),
then a ∈ Z(C[G]), and hence, a = aJp = λJp, where the first equality follows from
a ∈ Ap and the second equality follows since Jp is an eigenvector of a ∈ Z(C[G]).
Remark 4. It follows from Remark 3 that Ap cannot be decomposed as a direct sum
of two-sided ideals.
It is well known that the blocks Ap are simple, and therefore isomorphic to
matrix algebras ([4], for example).
3. ABELIAN GROUPS
We give several illustrations of our point of view in Theorem 2.3, that the prim-
itive central idempotents are a simultaneous eigenbasis of Z(C[G]).
3.1. Irreducible representations. We begin with the well-known result: A finite
group G is abelian if and only if C[G]∼= Ck.
Proof. If G is abelian, thenC[G] is a commutative algebra. Let {Jp} be the simulta-
neous eigenbasis of C[G], as in Theorem 2.3. Then, for every g∈G, gJp = λp(g)Jp
where λp(g) ∈ C. Hence, C[G] =⊕kp=1CJp ∼=Ck. The converse is trivial. 
Remark 5. The ideals CJp provide the one-dimensional (irreducible) representa-
tions of G. Since G is finite, |λp(g)| = 1 for all g ∈ G. (The functions λp are the
characters of G.)
3.2. Cyclic groups. We illustrate the simultaneous eigenbasis for a cyclic group
G = Zk = {e,r,r2, ...,rk−1}, with generator r of order k.
Proposition 3.1. Let G = 〈r〉 be a cyclic group of order k with generator r, and
ω = exp(i2pi/k). For 1 ≤ p ≤ k, orthogonal idempotents
Jp =
1
k
k
∑
m=1
ω−mprm
form the simultaneous eigenbasis of C[G].
Proof. As the minimal polynomial of r is xk − 1, the distinct eigenvalues of r are
λ = ωp, 1 ≤ p ≤ k, where ω = exp(i2pi/k). Let v = ∑km=1 amrm be an eigenvector
of r corresponding to eigenvalue λ. Then rv = λv implies
ak = λa1 = λ2a2 = · · ·= λk−1ak−1.
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Taking ak = 1, the eigenvectors of r with eigenvalue λ = ωp are multiples of vp =
∑km=1 ω−mprm. Now,
vpvq =
k
∑
m=1
ω−mprmvq
=
k
∑
m=1
ω−m(p−q)vq =
{
0 q 6= p
kvq q = p
Thus the desired (orthogonal) idempotents are Jp = 1k vp. 
3.3. Arbitrary finite abelian groups. For the group algebra of an arbitrary finite
abelian group, the simultaneous eigenbasis of Theorem 2.3 is obtained by Propo-
sition 3.1 above, together with the following result:
Proposition 3.2. For any finite groups, Gi,
C[G1×G2×·· ·×Gn]≃ C[G1]⊗C[G2]⊗·· ·⊗C[Gn]
Proof. The isomorphism is given by defining
φ(g1,g2, ...,gn) = g1⊗g2⊗·· ·⊗gn,
and extending linearly. 
For an arbitrary finite abelian group G = Zn1 ×·· ·×Znk , where Zni is the cyclic
group of order ni, the idempotent eigenbasis for each C[Zni ] is given by Proposition
3.1. Let J(i)p , 1≤ p≤ ni denote these idempotents for each Zni . Then the idempotent
eigenbasis of C[G] is given by
J(1)p1 J
(2)
p2 · · ·J
(k)
pk
where 1 ≤ pi ≤ ni for each i.
Remark 6. For G abelian, the primitive central idempotents of C[G] are primitive
idempotents. When G is nonabelian, Z(C[G]) is a proper subalgebra of C[G]. In
this case, each primitive central idempotent decomposes as a sum of orthogonal
primitive idempotents,
Jp = up1 + u
p
2 + · · ·+ u
p
np
[See the Appendix (Section 5) for characterizations of primitive idempotents.]
In the following section, we apply the results of Sections 2 and 3 to a large and
important class of nonabelian groups — the semi-direct product of two abelian
groups. We construct the irreducible representations without recourse to character
theory or induced representations.
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4. META-ABELIAN SEMI-DIRECT PRODUCTS
We consider a semi-direct product G = N⋊H , where N and H are finite abelian
groups. We construct the primitive idempotents of C[G] in terms of the primitive
(central) idempotents of N and those of H . Consequently, we obtain each primitive
central idempotent of C[G] as a sum of primitive idempotents. This leads to the
explicit isomorphism of C[G] with the direct sum of matrix algebras.
Let PN = {va : 1 ≤ a ≤ |N|} be the orthogonal idempotent basis (of Theorem
2.3) for C[N]. As N is abelian, these idempotents are obtained by Propositions 3.1
and 3.2. Furthermore, conjugation by H is an algebra isomorphism on C[N], and
hence, by the uniqueness of the idempotent eigenbasis, PN is an H-set.
4.1. Primitive idempotents of C[G]. Let Oα = {v1,v2, ...,vcα} be an orbit in PN .
We set {up : 1 ≤ p ≤ |Hα|} to be the idempotent eigenbasis of C[Hα], where Hα
denotes the common stabilizer of any vi ∈ Oα.
Proposition 4.1. For each vi ∈ Oα, 1 ≤ i ≤ |Oα|, and each up ∈ C[Hα], 1 ≤ p ≤
|Hα|, the elements viup are primitive idempotents in C[G].
Proof. As vi and up commute, (viup)2 = viup. For primitivity, we use the fact
(see Appendix, Fact 5.1) that an idempotent u ∈ C[G] is primitive if and only if
u(C[G])u = Cu. For nh ∈G,
viup(nh)viup = λ(viup h viup), for some λ ∈C,
since vi is a simultaneous eigenvector ofC[N]. If h /∈Hα, hvih−1 = v j for some j 6= i
and the right hand side of the above expression vanishes. For h ∈ Hα, hup = σup
for some σ ∈ C and hence,
viup(nh)viup = λσ(viup).

Proposition 4.2. For v1,v2 ∈ Oα, and 1 ≤ p,q ≤ |Hα|, the primitive idempotents
v1up and v2uq are equivalent if and only if p = q.
Proof. For v1,v2 ∈ Oα, there is an h ∈ H such that v1 = hv2h−1. It follows that
h(v1up)h−1 = v2up, and hence v1up and v2up are equivalent (see Appendix, Fact
5.3).
If v1up and v2uq are equivalent, then (see Appendix, Fact 5.2) there is an element
nh ∈G so that v1up(nh)v2uq 6= 0. The left hand side is equal to λv1upuqhv2, and is
nonzero only when p = q. 
4.2. Primitive central idempotents of C[G]. For each Oα, we sum the equivalent
primitive idempotents of Proposition 4.2 in order to construct the primitive central
idempotent basis for Z(C[G]). Given an orbit Oα, we define
J[α]p =
|Oα|
∑
i=1
viup
for each up ∈C[Hα], 1 ≤ p≤ |Hα|.
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Lemma 4.3. The elements {J[α]p } are orthogonal central idempotents ofC[G]. Fur-
thermore, ∑
α,p
J[α]p = e.
Proof. (a) J[α]p are idempotents: For v1,v2 ∈ Oα, the idempotents v1up and v2up are
orthogonal. Thus J[α]p is a sum of orthogonal idempotents, and hence is idempotent.
(b) J[α]p are central: We write J[α]p = Sαup, where Sα = ∑|Oα|i=1 vi. Then, for any
h ∈ H , hSαh−1 = Sα, and hence hJ
[α]
p h−1 = J[α]p . For n ∈ N and vi ∈ Oα, nvi = λivi
where λi ∈ C× (and |λi| = 1). Thus, nSα = ∑i λivi commutes with up, so that
nJ[α]p n−1 = J[α]p .
(c) J[α]p are orthogonal: For α 6= β, SαSβ = 0 by orthogonality of the primitive
idempotents of C[N], and hence, J[α]p J[β]q = 0. For α = β and p 6= q, J[α]p J[α]q = 0, by
orthogonality of the primitive idempotents of C[Hα].
(d) For each α, ∑p u[α]p = e, where we denote by u[α]p the primitive idempotents
of C[Hα]. Thus,
∑
α,p
J[α]p = ∑
α,p
Sαu
[α]
p = ∑
α
Sα
= ∑
v∈PN
v = e.

Theorem 4.4. The elements {J[α]p } are the primitive central idempotents of C[G].
Proof. The primitive summands, viup, of J[α]p are equivalent, and hence, by Fact
5.4, they lie in the same block A = (C[G])J of C[G] (where J is a primitive central
idempotent of C[G]). Thus, J[α]p ∈ A∩Z(C[G]) = CJ. It follows that J[α]p = J. By
Lemma 4.3(d) above, these are all the primitive central idempotents. 
Corollary 4.5. Let G = N ⋊H, where N and H are abelian. With the stability
subgroups, Hα, defined in Section 4.1,
dim(Z(C[G])) = ∑
α
|Hα|
where the sum is taken over α corresponding to distinct orbits Oα. Hence, the
number of conjugacy classes of G is equal to the sum of the number of conjugacy
classes of the stability subgroups.
Proof. By Theorem 4.4, {J[α]p } forms a basis for Z(C[G]). For each α correspond-
ing to an orbit Oα, the number of J[α]p (which is equal to the number of u[α]p ), is |Hα|.
Hence, dim(Z(C[G])) = ∑α |Hα|, where (Hα being abelian) |Hα| is the number of
conjugacy classes of Hα. 
4.3. Irreducible representations of C[G]. Let A = (C[G])J be a simple block
generated by a primitive central idempotent, J = ∑mi=1 ui, where the primitive idem-
potents ui determine the decomposition of A into isomorphic minimal left ideals (as
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in the Appendix, Section 5), A = Lmj=1 Au j. Each ideal Au j is of dimension m, and
is a sum of one-dimensional vector spaces, Au j = ⊕mi=1uiAu j. A basis element
ei j ∈ uiAu j is determined by an element a ∈ A for which uiau j 6= 0. The idempo-
tents ui and u j being equivalent, we can find an invertible element x ∈ A satisfying
xu jx−1 = ui. Then uixu j = xu j 6= 0.
Proposition 4.6. Let A = (C[G])J where J = ∑mi=1 ui is a primitive central idem-
potent of C[G] and ui are orthogonal primitive idempotents. For each 1 ≤ i ≤ m,
let xi ∈ A be such that xiu1x−1i = ui and
ei j = ui(xix−1j )u j.
Then, ei j defines an isomorphism of A withMm(C).
Proof.
ei je jk = uixix−1j u jx jx
−1
k uk
= uixiu1x
−1
k uk = uixix
−1
k uk
= eik
For j 6= k, u juk = 0 and hence, ei jekl = 0. Mapping ei j to the standard basis
elements Ei j of the matrix algebra Mm(C), defines an isomorphism of A with
Mm(C). 
By this construction, we obtain the irreducible representation for each simple
summand of C[G].
We now apply Proposition 4.6 to the meta-abelian semi-direct product, G =
N⋊H . For fixed α and p, let us consider a simple block, A = (C[G])J[α]p , generated
by a primitive central idempotent J[α]p = ∑cαi=1 viup, and set wi ≡ viup. Each ideal
Aw j is of dimension cα = |Oα|= [H : Hα], and is a sum of one-dimensional vector
spaces, Aw j =⊕cαi=1wiAw j.
To define a basis element, ei j ∈wiAw j, it is sufficient to consider a = nh∈G, and
furthermore, since vi (and hence wi) are simultaneous eigenvectors of N, it suffices
to consider elements a ∈ H .
Now, we choose an element hi from each coset of Hα in H , set vi = hiv1h−1i (and
hence wi = hiw1h−1i ), and by Proposition 4.6, define
ei j = wihih−1j w j ∈ wiAw j.
Then, ei jekl = 0, j 6= k and ei je jk = eik. With these ei j, we have the required iso-
morphism of A with the matrix algebra Mcα(C).
4.4. Example. Let G = A4 = N⋊H with N = Z2×Z2 = 〈x〉× 〈y〉 = {e,x,y,z},
where z = xy = yx, x2 = y2 = e, and H = Z3 = 〈t〉, where t3 = e. The action of H
on N is defined by
txt−1 = z , tyt−1 = x , tzt−1 = y.
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4.4.1. The decomposition of C[A4]. The primitive central idempotents of C[N] are
obtained by Propositions 3.1 and 3.2:
v0 = [(e+ x)/2][(e+ y)/2] = (e+ x+ y+ z)/4
v1 = [(e+ x)/2][(e− y)/2] = (e+ x− y− z)/4
v2 = [(e− x)/2][(e+ y)/2] = (e− x+ y− z)/4
v3 = [(e− x)/2][(e− y)/2] = (e− x− y+ z)/4
The action of H on PN = {v0,v1,v2,v3} determines two orbits,
O0 = {v0} , O1 = {v1,v2,v3}
with corresponding stability subgroups
H0 = H = {e, t, t2} , H1 = {e}.
The primitive central idempotents of H0 are also given by Proposition 3.1:
u0 =
1
3(e+ t + t
2) , u1 =
1
3(e+ ω
2t + ωt2) , u2 =
1
3(e+ ωt + ω
2t2).
By Theorem 4.4, the primitive central idempotents ofC[A4], as sums of primitive
idempotents are:
Ja = v0ua, for a = 0,1,2,
J3 = v1 + v2 + v3.
We see that (C[G])J0, (C[G])J1, and (C[G])J2 are of dimension 1, (C[G])J3 is of
dimension |O1|2 = 32, and
C[A4]≃C⊕C⊕C⊕M3(C).
4.4.2. A basis for (C[G])J3. In J3, wi = vie = vi. The action of H on PN is given
by
t2v1t
−2 = v2 , tv1t
−1 = v3
and the coset representatives for H1 are h1 = e, h2 = t2, and h3 = t. Thus, as in
Section 4.3, ei j = wihih−1j w j gives the column spaces Av j:
 e11e21
e31

=

 v1ev1v2t2v1
v3tv1

=

 v1t2v1
tv1



 e12e22
e32

=

 v1tv2v2
v3t2v2

=

 tv2v2
t2v2


and 
 e13e23
e33

=

 v1t
2v3
v2tv3
v3

=

 t
2v3
tv3
v3

 .
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Thus,
xJ3 = v1− v2− v3 = e11− e22− e33
yJ3 = −v1 + v2− v3 =−e11 + e22− e33
tJ3 = tv1 + tv2 + tv3 = e31 + e12 + e23
determine the three dimensional irreducible representation of A4.
Remark 7. If G = N⋊H where H is nonabelian (keeping N abelian), construction
of the primitive central idempotents proceeds in a similar way as the meta-abelian
case. In particular, Corollary 4.5 also holds in this case:
dim(Z(C[G])) = ∑
α
dim(Z(C[Hα])),
where Hα represents the isomorphism class of the stability subgroups for the orbit
Oα.
5. APPENDIX: PRIMITIVE IDEMPOTENTS
An idempotent u of an associative algebra A is called primitive if u cannot be
written as a sum, u = u1 + u2, where u21 = u1, u22 = u2, and u1u2 = u2u1 = 0.
We list several properties of primitive idempotents [5] in a complex semisimple
algebra, A =⊕iAi, where Ai are the simple summands.
Remark 8. By standard arguments (among the simplest, see [4]), the simple com-
ponents Ai are isomorphic to matrix algebras, Mni(C).
Fact 5.1. An idempotent u is primitive if and only if Au is a minimal left ideal;
equivalently, uAu = Cu. Hence, a primitive idempotent u ∈ A belongs to a simple
block Ai. If u ∈ Ai, then Au = Aiu.
Fact 5.2. Minimal left ideals Au1 and Au2 are isomorphic if and only if u1xu2 6= 0
for some x ∈ A.
Fact 5.3. Minimal left ideals Au1 and Au2 are isomorphic if and only if there exists
an invertible element x ∈ A such that xu1x−1 = u2.
From the above Facts it follows that
Fact 5.4. Given two primitive idempotents u1 and u2, Au1 and Au2 are isomorphic
left ideals if and only if u1 and u2 belong to the same simple summand, Ai, of A.
In this case, we call u1 and u2 equivalent primitive idempotents.
We fix i and set n = ni and B = Ai. Let ei j be the elements of B that correspond
to Ei j – the standard basis elements of Mn(C) with 1 in the (i, j) position and 0
elsewhere. If J is the identity element of B, then the primitive idempotents ui = eii
are characterized by
• J = u1 + · · ·+ un
• u2i = ui
• uiu j = 0 for i 6= j
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Furthermore, the vector spaces uiBu j are all one-dimensional: they are equal to
Cei j for i 6= j, and to Cui when i = j. It follows that B decomposes as a direct sum
of isomorphic minimal left ideals
B =⊕Bui
where the dimension of each left ideal Bui is n.
REFERENCES
[1] J.-P. Serre, Linear Representations of Finite Groups, Springer, 1977.
[2] R. Goodman and N.R. Wallach, Representations and Invariants of the Classical Groups,
Cambridge University Press, 2003.
[3] C.W. Curtis and I. Reiner, Representation Theory of Finite Groups and Associative Algebras,
Interscience Publishers, 1962.
[4] D.E. Littlewood, The Theory of Group Characters and Matrix Representations of Groups,
Oxford University Press, 1958.
[5] C. Procesi, Lie Groups: An approach through invariants and representations, Springer, 2007
(page 163).
UNIVERSITY COLLEGE OF THE FRASER VALLEY, ABBOTSFORD, BC V2S 7M8, CANADA
E-mail address: robin.endelman@ucfv.ca
UNIVERSITY COLLEGE OF THE FRASER VALLEY, ABBOTSFORD, BC V2S 7M8, CANADA
E-mail address: manash.mukherjee@ucfv.ca
